Abstract. In this paper, we give the explicit expressions of high-order Green operators on the disk and the polydisc, and hence the kernel functions of high-order Green operators are also presented. As applications, we present the explicit integral expressions of all the solutions for linear high-order partial differential equations in the disk.
It should be pointed out that the function || · || (k) on C k+α (D) is a semi-norm rather than a norm since ||f || (k) = 0 if and only if f is polynomial of degree of k − 1. The following operators are defined on D as in [5] :
where T (f ) = T (f ), S(f ) = S(f ), and S b (f ) = S b (f ). More generally, if △ is a closed bounded domain, then T △ f and S △ f are defined for continuous f on △ by
The fundamental properties between operators T, S are given by [5] as follows. The smoothness properties of integral operator T has been shown in [5] .
Lemma 1.2. [5]
If f ∈ C α (D), then T f ∈ C 1+α (D). Moreover,
and
where C 0 = 12 α(1−α) . If f ∈ C k+α (D)(k ≥ 0), then T f ∈ C k+1+α (D). Meanwhile, if replace ∂,∂, T, 2 T with∂, ∂, T , 2 T , respectively, then one can get the similar result as above lemma for T . Lemma 1.3. [7] It holds for l ≥ 0 that
where △ = {ζ ∈ C||ζ −z 0 | ≤ r}.
Proof. It is easy to get Lemma 1.1 if we replace D, C with △, ∂△, respectively. Apply Lemma 1.1 to the function (ζ −z 0 ) l+1 , we can obtain that
where the last equality comes from the residue theorem. The lemma is proved.
High-order Green operator on D
Denote T 2 = T T, T 2 = T T , similar notations for T µ , T ν , T µ T ν for any µ, ν > 0. In this section, we will get the explicit expression of T µ T ν f .
with integer k > 0, and
Proof. When k = 1, (2) is obvious. Now we assume (2) is valid when for k − 1, i.e.,
Hence, we can obtain with Lemma 1.3 that
Thus, (2) is proved. For (3), the proof is similar, we omit here.
where
where the last equation comes from Stokes formula.
which converges to 0 when ε → 0.
which also converges to 0 when ε → 0.
which converges to 2πi(a − b) k−1 ln |a − b| 2 when ε → 0.
which converges to 0 when ε → 0. Thus, it comes from (4)- (8) that
I 1 is given as follows,
In fact, we have applied Residue theorem to get the last equation. Consider φ(ζ) =
times the residue of φ at ∞ which is the opposite number of the coefficient of 1 ζ in the Rolland expansion of φ(ζ).
which implies that there is no 1 ζ in the expansion unless l ≤ k − 1. Thus for any 1 ≤ l ≤ k − 1, we get the coefficient of 1 ζ in the Rolland expansion of φ(ζ) as
Hence,
and (10) can be obtained.
On the other hand, by Cauchy integral, we can obtain I 2 as follows,
Therefore, from (9), (10), and (11), we prove that
For k = 1, one can easily yield from the above proof that I 1 = 0. Combining (9), we get the lemma.
Lemma 2.4. For any a, b ∈ D and a = b, l > 0, ν > 0,
Proof. The computation is based on Residue theorem. 
Proof. For µ > 1, we have
From Lemma 2.3,
where the last equation comes from Lemma 2.4. Furthermore, it is easy to see
. Then we prove the lemma.
with µ, ν > 0, and
where the kernel function C 3 is given by Lemma 2.5.
Theorem 2.1, we have
Remark 2.7. From above theorem, we have
Remark 2.8. Theorem 2.6 presents the expression of high-order Green operator and its kernel function on the disk. Here we give some special cases to shown the kernel in detail.
(1) C 3 (z, η, 1, 1)=ln
[7] has presented the relationship between the corresponding norms for f and T µ T ν f in the above theorem. We omit the proof here.
Proposition 2.9. [7] If f ∈ C α (D) and µ + ν = m, then
α and C 5 = 4 α(1−α) .
High-order Green operator on D n
Let D n be the n-fold cartesian product of D, which is a closed ploydisc in C n with radius R. Suppose that f is a complex-valued function defined on D n . We define ∆ i f as a function on that subset D i of the (n + 1)−fold product
It is proved in 7.1b of [5] that || · || defined on C α (D n ) is a norm. Let z = (z 1 , ..., z n ) ∈ D n , the following operators are defined on D n :
similar definitions are given for S j , S j . From Lemma 1.1, it is easy to see that for any
.., n. And there exist constants C 6 , C 7 such that 
Let vector index
. From Theorem 2.6, it is easy to get the explicit expression and the kernel function of
n , and C 3 is given by Lemma 2.5.
Proof. By the definition of T µ T ν f (z),
By Lemma 3.1, for any f ∈ C α (D n ), one can easily get the following estimate for the norm of f ∈ C α (D n ). 
Applications
As applications of the integral expressions for high-order Green operators, we can present all the solutions for some high-order Laplace equations, moreover, express all the solutions for linear high-order partial differential equation with integrals.
∂ 2 ∂y 2 = 4∂∂ and from Lemma 1.2∂
T A = A; ∂T A = A, then we have
∆ 2 u = 0 is called biharmonic equation whose solutions can be described by u = |z| 2 h 1 + h 2 , where h 1 , h 2 are two harmonic functions satisfy Laplace's equation [8] . Then the solutions of 2-Laplace equation u:
given by
The integral expressions can also be used to give all the solutions for linear partial differential equations on D of any order. Let H(D) be the set of all holomorphic functions on D and denote T 0 f = f . We have the following results. can be given by
Proof. It is well known that all the solutions of∂u = 0 can be given by any u ∈ H(D) and the solutions of ∂u = 0 can be given by u with anyū ∈ H(D). Consider the equation (13), we have
which means that
Similarly, we have
By iteration, one has∂ For simplicity, we replace the index and prove the lemma. Using Theorems 2.1 and 2.6, we can give the solutions of equation (13) 
where g j , f i ∈ H(D), i = 0, ..., µ − 1, j = 0, ..., ν − 1. Using Theorems 2.1 and 2.6, the integral expressions of solutions can be given.
For simplicity, we denote 
Conclusion
We have established the explicit expressions for high-order Green operators on the disk in C and the polydisc in C n . As applications, we have presented all the solutions for biharmonic equations and high-order partial differential equations in the disk. The same method works identically in R n through Clifford analysis and the results will be presented in the forthcoming paper in a near future.
